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Abstract. We consider the Bresse model with three control boundary conditions. We prove 
the exponential stability of the system using the semigroup theory of linear operators and a 
result obtained by Priiss [El- 
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1. Introduction 

In this work, we study the stabilization of a problem arising from engineering motivation, the 
so-called circular arch problem also known as the Bresse system (see 0 ) which is given by 

pi<p a ~ n (<Px+ '<1’+ £w) x - k 0 £(w x - £<p) = 0, in (0, L) x (0, +oo), 

(1.1) p 2 iptt-bi/} X x + K (ip x + ip + £w)=0 in (0, L) x (0, +oo), 

pi w tt - k 0 (w x - ip) x + kI (tp x + + iw) = 0 in (0, L) x (0, +oo), 

where L is the length of the beam, p\ = p A, p% = p I , k = k! G A, k$ = E A, b = E T , l = R _1 , 
p is the density of the material, E is the modulus of elasticity, G is the shear modulus, k! is the 
shear factor, A is the cross-sectional area, / is the second moment of area of the cross-section 
and R is the radius of curvature. The functions w, p and ^ are the longitudinal, vertical and 
shear angle displacements, respectively. 

On of the main issues, both from a mathematical and physical point of view is the question 
of stability in long time (t —> oo), in order to prevent the problem from infinite vibrations. This 
question has been studied by many authors. We refer to the book of Liu and Zheng mi for a 
general survey on this topic. 

Concerning the Bresse system above, few results about the asymptotic behavior exist. Let 
us briefly review the different kinds of stabilization that have been conducted. An important 
problem in the Bresse system is to find a minimum dissipation by which the solution decays 
uniformly to zero in time. In this direction we have the paper of Fatori and Rivera [5J, which 
improved the paper by Liu and Rao m, and more recently the article [12] , where the polynomial 
decay rate of the energy is improved. In these papers, the authors show that, in general, the 
Bresse system is not exponentially stable but that there exists polynomial stability with rates 
that depend on the wave propagations and the regularity of the initial data. Moreover, they 
introduced a necessary condition for the dissipative semigroup to decay polynomially. This result 
allowed them to show some optimality to the polynomial rate of decay. The Bresse system with 
frictional damping was considered by Alabau-Boussouira et al. pQ. In that paper the authors 
showed that the Bresse system is exponentially stable if and only if the velocities of waves 
propagations are the same. Also, they showed that when the velocities are not the same, the 
system is not exponentially stable, and they proved that the solution in this case goes to zero 
polynomially, with rates that can be improved by taking more regular initial data. This rate of 
polynomial decay was improved by Fatori and Monteiro [3]. The indefinite damping acting on 
the shear angle displacement was considered by Palomino et al. [IB]. In [T3] Noun and Wehbe 

l 
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extended the results of Alabau-Boussouira et al. [I] and considered the important case when the 
dissipation law is locally distributed. Finally, Lima et al. [9] considered the Bresse system with 
past history acting in the shear angle displacement. They show the exponential decay of the 
solution if and only if the wave speeds are the same. If not, they show that the Bresse system 
is polynomial stable with optimal decay rate. 

In the present work, we attack the delicate problem where the dissipative effect (some how the 
control we may have on the system) takes place at the boundary. However, the consideration of 
only one dissipative effect, or only two, seems to be difficult to treat. Let us mention some known 
results related to the boundary stabilization of the Timoshenko beam. Kim and Renardy in J7J 
proved the exponential stability of the system under two boundary controls. In [2j, Animar- 
Khodja and his co-authors studied the decay rate of the energy of the nonuniform Timoshenko 
beam with two boundary controls acting in the rotation-angle equation. In [3], Bassam and his 
co-authors studied the indirect boundary stabilization of the Timoshenko system with only one 
dissipation law. 

As a first step towards the stability of such systems with one control at the boundary, we 
consider in the present article the following boundary conditions that complement system ( 11 . 11 ) : 



tp(L, t ) = 0, t ) = 0, w(L, t) = 0 

in 

( 0 , + 00 ), 

(1.2) 

n(ip x + if + £w)( 0 , t ) = 71 ip t ( 0, t ), 

in 

( 0 , + 00 ), 

bip x { 0, t) = 721 / 7 ( 0 , t ), 

in 

( 0 , + 00 , 


ko (w x - £ p) ( 0 , t) = 73 w t ( 0 , t ), 

in 

( 0 , + 00 ), 

where 7 -,- > 0 , 

j = 1, 2, 3. In other words, we investigate three dissipative effects at the boundary. 

The system is 

finally completed with initial conditions 




V(x, 0 ) = Vo(x), <p t (x, 0 ) = <pi(x), 

in 

( 0 , L), 

(1.3) 

ip(x, 0 ) = ifo(x), ipt(x , 0 ) = ipi(x), 

in 

(0, L), 


w(x, 0) = Wq(x), w t (x, 0) = Wl(x), 

in 

(0, L). 


Let us define the energy functional associated to the system: for (ip, if, w) a regular solution to 
ed-ei, its associated total energy is defined by 

1 f L 

£{t) = ~ {Pi Wt\ 2 + P2 I'i/’tl 2 + Pi \w t | 2 + k \y x + if + £w\ 2 + b\if x \ 2 + k 0 \w x -ly\ 2 ) dx. 

1 Jo 

Then a straightforward computation gives 

= - 71 M 0)| 2 - 72 |^i( 0)| 2 - 73 K( 0)| 2 < o, 

consequently the system (II. 11) - (I1.3D is dissipative in the sense that the energy is non-increasing. 

Remark 1.1. We observe that if R —> oo then £ —> 0 and this model reduces to the well-know 
Timoshenko beam equations (see [6] and 0 for details). 

The main result of this paper is to prove that the exponential stability of the system ED E3D 
holds. As far as the authors know, there have been no contributions made in this sense. Our 
main tools are semigroup techniques m, a result by Priiss [15] as well as spectral arguments. 

The remaining part of this paper is organized as follows. Section 2 outlines briefly the no¬ 
tations and well-posedness of the system. In section 3, we show the exponential stability of 
the corresponding semigroup. Through this paper, C is a generic constant, not necessarily the 
same at each occasion (it will change line to line), which depends in an increasing way on the 
indicated quantities. 


EXPONENTIAL STABILITY TO THE BRESSE SYSTEM WITH BOUNDARY DISSIPATION CONDITIONS 3 


2. Existence and uniqueness 


The aim of this section is to prove the existence and uniqueness of solutions for the problem 

(ED-dESD. 

Given a Banach space X , let || • ||x be the usual norm defined on X. In particular, we 
denote by (•, •) and || • || the inner product and the norm defined on L 2 (0, L ), respectively. 
Before stating the existence and the uniqueness result of problem (I1.1D - (|1.3D . we first set-up the 
following short-hand notation for the function space 

Hl(0, L) = {<f>eH 1 (0, L): fi{L) = 0} . 

Putting = ipt and T = fit- the phase space of our problem is 

n = [H\{ 0, L)f x [L 2 (0, L)f, 


normed by 

HO, ip, w, W)\\n = k\\<p x + ip + £w \\ 2 + pi IOII 2 + b\\ip x \\ 2 + p 2 ||T|| 2 + pi ||IF|| 2 

+ k 0 || w x - £y\\ 2 . 

We denote by C T the transpose of a matrix C and introducing the state vector 

U(t) = ipft ), w(t), $(t), T(f), W{t)) T , 

system fll.lll - (|1.2l) can be written as a linear ordinary differential equation in H of the form 
(2.1) jU(t) = AU(t), 

where the domain 'D(A) of the linear operator A : T)(A) C PL —>• Pi is given by 

V(A) = {UgPL: ip,ip,w£H 2 (0,L), $, 'P, W G ifi(0, L), 

K(p x + 'ip + £w)(0) = 7 i 3>(0), bip x ( 0 ) = 72 d>( 0 ), 

«o (w x -£tp)( 0) = 73^(0)} 


and 


$ 

T 
W 

A -(<p x + ip + £w)+ — (w x -£w) 

AU = Pi Pi 

— 1p xx - — (<Px + ^ + £ w) 

P2 P2 

A/Q t\j 

. — (w x - £ip) x - (tp x + ip + £ w) 

\ Pi Pi / 

Proposition 2.1. The operator A is the infinitesimal generator of a contraction semigroup 

{‘S.4(f)}t>o- 


Proof. The operator A is dissipative. Indeed, for every U € T>(A), it is not difficult to see that 

(2.2) Re(^U7, U) H = - 7l O(0)| 2 - 72 O(0)| 2 - 73 |^(0)| 2 < 0. 

Moreover, the domain T> of A is clearly dense in the Hilbert Pi and the operator is closed. 
Finally, for all F = (/ 1 , / 2 , / 3 , ft, h, h) there exists a unique U = (<p, ip, w, <P, T, W) <G V(A) 
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such that AU = F (that is to say, that is solution to the resolvent system of the operator). 
Indeed, the system reads, in terms of components: 


(2.3) 

$ = /!, 

(2.4) 

* = /2, 

(2.5) 

3 

II 

(2.6) 

K {ip x + if + i W) x + K 0 l {W x - £ ip) = pi / 4 , 

(2.7) 

bipxx ~ « {Vx + ip + £w) = P 2 / 5 , 

(2.8) 

«0 {w x - £<p)x - k£{<Px +1p + £w) = Pi f 6 . 


From (I2.3I) - (12.5I) we know <h, T and W. To show the existence and uniqueness of {ip, ifb, w) 
satisfying (I2.6I1 - (I2.8I1 we consider the continuous and coercive sesquilinear form 

f L _ f L 

tjj, w), {u, v, p)) = k ( ip x + if + £w) {u x + v + Ip) dx + b / if x v x dx 

Jo Jo 

+ Ko {w x -£ ip) ( p x -£u) dx, 

Jo 

for {ip, if, w ), {u, v, p) belong to [H\{ 0, L)] 3 and the continuous sesquilinear function 

rL rL rL 

¥{u,v,p) = pi f±udx + p2 / f 5 vdx + pi / f 6 p dx + 71 /i(0)u(0) 

Jo Jo Jo 

+ 72/2(0)11(0) +73/3(0)p(0). 


By the Lax-Milgram Theorem there exists a unique {ip, if, w) in [Hl{ 0, L) 1 ] 3 such that 

®((<P, ip, w), {u, v, p)) = F {u, v, p ), V {u, v, p) G [H\{ 0, L)] 3 

Hence 0 G g{A), and the conclusion of Poposition 12.11 follows from the Lumer-Phillips Theorem 
(see for example [14] ). 

□ 


As a direct consequence of Proposition 12. 11 we claim: 

Theorem 2.2. Given Uq = {po, if 0 , wq, ifi, fpi, w 1 ) £ TL there exists a unique solution U{t ) = 
S{t)U 0 = {p{t), if{t), w{t ), pt{t), ift{t), wt{t)) to (12711) such that 

U G C(0, 00 ; TL). 

If moreover, Uo G D{A), then 

U G C^flO, oo[: H) n C([0, 00 [: V{A )). 

3. Exponential stability 

The main goal of this section is to prove the exponential decay of solutions. Our main tool is 
the well known result (see my- 

Theorem 3.1. Let S{t ) = be a Co-semigroup of contractions on Hilbert space H. Then S{t) 
is exponentially stable if and only if iW C p {A) and 

(3.1) | ljm o ||(iA/-7l) _1 ||£( W ) < 00 . 
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Therefore we will need to study the resolvent equation (i XI — A)U = F, for A £ R, namely 

(3.2) iXip-® = fi, 

(3.3) = 

(3.4) i\w-W = f 3 , 

(3.5) i X pi $ - k (ip x + ip +1 w) x - h 0 £(w x - £<p) = pi / 4 , 

(3.6) iXp 2 ^ - bip xx + k (tp x + ip + £w) = p 2 fa, 

(3.7) i X pi W — no (w x -£p) x + k£ (ip x + ip + £ w) = pi fa, 

where F = (/i, / 2 , fa, fa, fa, /@) T £ H. Taking inner product in H with U and using (12.21) we 
get 

(3.8) |Re(AU7, U) n \ < ||C7||w ||F|| W . 

This implies that 

(3.9) |<h(0)| 2 + |T(0)| 2 + |1T(0)| 2 < C \\U\\ n \\F \\ U , 
and, applying (13.2I1 - (I3.4[) . we obtain 

(3.10) |<^(0)| 2 + \m\ 2 + k(0)| 2 < \Mn Ill’ll H + ^2 ll F llw- 

Moreover, since 

MO) + V(0) + £wm 2 + l^( 0 )| 2 + MO) - M0)| 2 < c \\U\\u \\F\\n, 

it follows that 

(3.11) |^(0)| 2 + |^(0)| 2 + M0)| 2 < C\\U\\ n \\F\\ n + \\U\\ H \\F\\ H + ^ \\F\\ 2 n . 

We will now establish a couple of lemmas in order to prove our stability result. 

Lemma 3.2. The imaginary axis IK is contained in the resolvent set p(A). 

Proof. Because the domain of A has compact immersion over the phase space P, we only need 
to prove that there is no imaginary eigenvalues. We will argue by contraction. Let us suppose 
that there is A £ K, A / 0, and U £ P{A), U A 0, such that AU = iXU. Then, from (12.21) we 
have 

(3.12) $(0) = 0, T(0) = 0, W( 0) = 0. 

Hence, from (13.21) and (ll.3l) o we obtain 

(3.13) </j(0) = 0, ip{0) = 0, u;(0) = 0 and ^(0) = 0, ip x (0) = 0, u'x(O) = 0. 

From (13.2D - ([3.6p we have 

- A 2 pi p - k (p x + ip + £ w) x - k 0 £ (w x - l ip) = 0, 

(3.14) - A 2 p 2 ip - h ip xx + k (p x + if + £ w) = 0, 

— A 2 pi w — kq (w x — £ < p) x + k £ (<p x + if + 1 w) = 0. 

Consider X = (p, ip, lo, p x , ip x , u x ). Then we can rewrite (13.131) and (|3. 141) as the initial value 
problem 

4-X = AX, 
dx 

X(0) = 0, 


(3.15) 
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where 


( 

0 

0 

0 

1 

0 

0 

\ 


0 

0 

0 

0 

1 

0 



0 

0 

0 

0 

0 

1 



ko P 

- 1 

0 

Pi A 2 

0 

(fco+re) t 



0 

— P2 A 2 +re 

b 

kI 

b 

K, 

b 

0 

0 


V 

0 

K, £ 

ko 

- pi A 2 +k 

ko 

P (ko+n)£ 

ko 

0 

0 

/ 


By the Picard Theorem for ordinary differential equations the system (13.151) has a unique solution 
X = 0. Therefore p = 0, if = 0, w = 0. It follows from (|3.2I) - (I3.4I) . for f\ = ff = /s = 0, that 
$ = 0, T = 0, W = 0, i.e., U = 0. 


Let us introduce the following notation 
Z v (a) = p\ |$(a)| 2 + k \p x (a)\ 2 , 
lp(a) = P 2 |'L(a)| 2 + b \if x (a)\ 2 , 

Z w {a) = pi \W(a)\ 2 + k 0 \w x (a)\ 2 , 

1 (a) =l v (a) +lp(a) + l w (a) 

rL rL rL 

£p(L) = / lp(s) ds, £<p(L) = / l<p(s) ds, £ff(L) = / l w (s) ds. 

Jo Jo Jo 

Lemma 3.3. Let q € H 1 ( 0, L). We have that 

(3.16) £<p(L) = ql v |q - kqL q \p\ 2 |g + 2 nRe f qif x p x dx + K, 0 ^[ q'(x)\p\ 2 dx 

Jo Jo 


+ 2 


(k + kq) £ Re f 
Jo 


q w x p x dx + R\ 


£p(L) = qlp |q - ecq \if \ 2 |q - 2 k Re I qp x if x dx 


■L 


(3.17) 

and 


+ K 


/Vooivf 

Jo 


dx — 2 k£ Re / qwif x dx + R 2 - 
Jo 


£ W (L) = ql w \q — k £ 2 q\w \ 2 — 2 k£ Re qifw x dx 

Jo 

(3.18) —2(n + ko)£Re qp x w x dx + n £ 2 q (s)\w \ 2 dx + R 3 , 

Jo Jo 

where Ri satisfies 

\Ri\ <Cjt/||||F||, i = l, 2, 3, 

for a positive constant C. 

Proof. To get (|3.16l) . let us multiply the equation (13.31) by qp x . Integrating on (0, L) we obtain 

rL rL 

i\pi / <h qp x dx — k / (p x + if + £ w) x q p x dx 

Jo Jo 

- n 0 £ (w x - £p)qp x dx = px f 4 qp x dx 
Jo Jo 
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or 


rL rL rL 

- Pi $q(i\<p x ) dx - k qip xx 7p x dx-K qi/j x Tp x dx 

Jo Jo Jo 

rL rL rL 

- (k + kq)£ / qw x Tp x dx + K 0 i 2 / qiplp x =pi / f±qTp x dx. 

Jo Jo Jo 

Since i A ip x = + f± x taking the real part in the above equality results in 

- y / dx ~T; J Q-^lVxl 2 dx = Pi Re LqJpxdx 


rL rL rL 

+ pi Re / <h q f lx dx + k Re / qip x Tp x dx + (k + k o)^Re / qw x Tp x dx 

Jo Jo ‘ Jo 

Kol 2 rL 


l 


I o 

Performing an integration by parts we get 

rL 


\ <? / ('S)[pi|^(s)| 2 + «:|^(s)| 2 ] ds 

Jo 


= < 7 Ulo~ K o £q\ 


|2 I L 


l 


+ 2 k Re / qif) x ip x dx 


+ Hof 2 [ q'{s) \ip\ 2 + 2(k + K 0 )^Re ( qw x p> x dx 
Jo Jo 


+ Ri 


where 


R\ = 2 pi Re / <f> q f lx dx + 2 pi Re / fi qip x dx 

Jo Jo 

Similarly, multiplying equation (13.51) by qili x , integrating on (0, L ) and taking the real part we 
obtain 


P2 


f 

Jo 


d , T 2 b f L d 


q — I'Pl dx - 
dx 


i;k<« 


10 


q \ipxf dx = p 2 Re / f 5 q'ip x dx 


i o 


+ P2Re / * q f 2x dx — k Re J qip x tp x dx — n £Re / qwi/j x dx 


■f 


Performing an integration by parts we obtain 

rL 


[ q(s)[p 2 l'h(s)! 2 + b\ip x (s)\ 2 } ds 

Jo 


= qlp |g - nq \i/j\ 2 |q - 2k Re / q^ x i\) x dx 


f 

Jo 


+ K 


[ q'(s) \tl >\ 2 dx — 2 nlRe f qw^i x dx + R 2 

Jo Jo 


where 


R 2 = 2p 2 Re 'h q f 2x dx + 2 p 2 Re / f^qip x dx. 


f 
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Finally, multiplying equation (13.61) by qw x , integrating on (0, L ) and taking the real part, after 
some algebric manipulations we obtain (13.181) for 

f L — 

dx + 2pi Re / feQuix dx. 

Jo 

Our conclusion follows. □ 

We are now ready to state our main stability result. 

Theorem 3.4. The semigroup {<S^(t)}t>o is exponentially stable, that is, there exist positive 
constants M and p such that 

\\^Ai.t)\\c(-H) < Mexp(- lit), Vt> 0. 

Proof. By Lemma l3.2l we know that iKc p(A). Therefore, by Theorem 13. II it sufficient to show 
that the estimate (13.11) holds. Given F = (/i, / 2 , f 3 , Ja, /s, fe) € R and A € R let be U the 
unique function satisfying 


R 3 = 2 pi Re [ Wq f 3x 
Jo 


(iXI — A)U = F. 

If we take q(x) = x — i in Lemma HOI and if we add (13.16[) - ()3.18l) we arrive at 

£ip(L) + + £w{L) 

= L1 V (0)~ K 0 £ 2 L\cp{0)\ 2 + K 0 f [ \cp\ 2 dx 


+ L 


— L k\iJj(0)\ 2 + k f \if\ 2 dx + L1 W (0) — nl 2 L |rc(0)|" 
Jo 


k£ I |rr| dx T R\ T R 2 T R 3 
Jo 

,-L 


— 2 k £ Re 


/ (x — L) w if x dx — 2«YRe / (x — L)if w x dx. 
Jo Jo 


Since 


rL rL 

— 2 k l Re / q w ip x dx — 2 k £Re / qf>w x dx 
Jo Jo 

= — 2 k£ LRew(0)il>(0) + 2 KiRe / ifwdx 


using Lemma 13.31 and the Young inequality we get 

£tp (L) + + £w(L) 

<LX ¥ ,(0) + k 0 £ 2 f \ip\ 2 dx 
Jo 

+ L1^(0) + k£\iP{ 0)\ 2 + n(l+l) [ \if\ 2 dx + Ll w (0) + K£\w(0)\' 2 

Jo 
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for a positive constant C. It results by (13.91) . (13.101) and (13.111) that we can find a positive 
constant C such that 

£ip(L) + S^p(L) + £ W (L) 

rL rL pL 

< ko £ 2 / |(^| 2 dx + k (1 + £) / | V ’| 2 dx + 2 n £ / | u >| 2 dx 

Jo Jo Jo 

+ Mh \\F\\h + C \\U\\ n \\F\\ h + ^ \\F \\ 2 n , 

for A / 0. Since that tp = <l ’^ 1 , i/j = and w = l1 '^ 3 we obtain 

rillf <^2 IMItt + |^2 Fllw + ^2 ll^llw ll*1l« + C ll^llw 

for A / 0. If |A| > 1 we get 

( l - ||) \\u\\h<c\\f\\ 2 h . 

Consequently, since A (* A I — A) is continuous it follows that 

\\(i\I-A)\\ m) <C, VAgM, 

for a positive constant C. The conclusion then follows by applying the Theorem 13.11 □ 

4. Conclusion 

In this paper, we provide a result of exponential stability for the Bresse system when three 
dissipative effects are concentrated at the boundary. It is a step towards complete understanding 
of boundary stabilization of such system. Indeed, we expect to be able to obtain similar results 
as the ones existing for Timoshenko type models El El El, but it seems for now, that there are 
more mathematical difficulties for the Bresse model. 
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